Spanning trees with bounded number of branch vertices?

Luisa Gargano^1, Pavol Hell^2, Ladislav Stacho^2, and Ugo Vaccaro^1

1Dipartimento di Informatica ed Applicazioni, Università di Salerno, 84081 Baronissi, Italy, flg,uvg@dia.unisa.it

2School of Computing Science, Simon Fraser University, Burnaby BC, V5A 1S6 Canada, fpavol,lstachog@cs.sfu.ca

Abstract. We introduce the following combinatorial optimization problem: Given a connected graph G, find a spanning tree T of G with the smallest number of branch vertices (vertices of degree 3 or more in T ). The problem is motivated by new technologies in the realm of optical networks. We investigate algorithmic and combinatorial aspects of the problem.

1 Introduction

The existence of a Hamilton path in a given graph G is a much studied problem, both from the algorithmic and the graph–theoretic point of view. It is known that deciding if such a path exists is an N P -complete problem, even in cubic graphs G [10]. On the other hand, if the graph G satisfies any of a number of density conditions, a Hamilton path is guaranteed to exist. The best known of these density conditions, due to Dirac [6], requires each vertex of G to have a degree of at least n/2. (We shall reserve n to always mean the number of vertices of G, and to avoid trivialities we shall always assume that n ≥ 3.) Other conditions relax the degree constraint somewhat, while requiring at the same time that K_{1,3} (or sometimes K_{1,4}) is not an induced subgraph of G. Excluding these subgraphs has the effect of forcing each neighbourhood of a vertex to have many edges, allowing us to guarantee the existence of a Hamilton path with somewhat decreased degree condition.

? Research of the first and fourth authors was partially supported by the European Community under the RTN project: “Approximation and Randomized Algorithms in Communication NEtworks (ARACNE)”, and by the Italian Ministry of Education, University, and Research under the PRIN project: “REsource ALlocation in WIreless NEtworks (REALWINE)”; the third author is on a Pacific Institute of the Mathematical Sciences postdoctoral fellowship at the School of Computing Science, Simon Fraser University.

There are several natural optimization versions of the Hamilton path problem. For instance, one may want to minimize the number of leaves [15], or minimize the maximum degree, in a spanning tree of G [11, 12, 14, 20, 22]; either of these numbers is equal to two if and only if G has a Hamilton path. The best known optimization problem of this sort is the longest path problem [7, 13, 2]. (G has a Hamilton path if and only if the longest path has n vertices.) It is known that, unless P = N P , there is no polynomial time constant ratio approximation algorithm for the longest path problem, even when restricted to cubic graphs G which have a Hamilton path, cf. [2] and [7] where a number of other nonapproximability results are also discussed. In this paper, we introduce another possible optimization problem - minimizing the number of branch vertices in a spanning tree of G.

A branch vertex of G is a vertex of degree greater than two. If G is a connected graph, we let s(G) denote the smallest number of branch vertices in any spanning tree of G. Since a spanning tree without branch vertices is a Hamilton path of G, we have s(G) = 0 if and only if G admits a Hamilton path. A tree with at most one branch vertex will be called a spider. Note that a spider may in fact be a path, i.e., have no branch vertices. Thus a graph G with s(G) ≤ 1 admits a spanning subgraph that is a spider; we will say that G admits a spanning spider. There is an interesting intermediate possibility: We will call a graph G arachnoid, if it admits a spanning spider centred at each vertex of G. (A spider with a branch vertex is said to be centred at the branch vertex; a spider without branch vertices, i.e., a path, is viewed as centred at any vertex.) It follows from these definitions that a graph G with s(G) = 0 (i.e., a graph with a Hamilton path) is arachnoid, and that every arachnoid graph has s(G) ≤ 1.

Our interest in the problem of minimizing the number of branch vertices arose from a problem in optical networks [19, 25]. The wavelength division multiplexing (WDM) technology of optical communication supports the propagation of multiple laser beams through a single optical fiber, as long as each beam has a different wavelength. A lightpath connects two nodes of the network by a sequence of fiber links, with a fixed wavelength. Thus two lightpaths using the same link must use different wavelengths. This situation gives rise to many interesting combinatorial problems, cf. [3, 8].

We consider a different situation, resulting from a new technology allowing a switch to replicate the optical signal by splitting light. Light–trees extend the lightpath concept by incorporating optical multicasting capability. Multicast is the ability to transmit information from a single source node to multiple destination nodes. Many bandwidth–intensive applications, such as worldwide web browsing, video conferencing, video on demand services, etc., require multicasting for efficiency purposes. Multicast has been extensively studied in the electronic networking community and has recently received much attention in the optical networking community [23, 24, 28, 30].

The multicast can be supported at the WDM layer by letting WDM switches make copies of data packets directly in the optical domain via light splitting.

Thus a light–tree enables all-optical communication from a source node to a set of destination nodes (including the possibility of the set of destinations consisting of all other nodes) [30]. The switches which correspond to the nodes of degree greater than two have to be able to split light (except for the source of the multicast, which can transmit to any number of neighbours). Each node with splitting capability can forward a number of copies equal to the number of its neighbours, while each other node can support only “drop and continue”, that enables the node to receive the data and forward one copy of it; for the rationale behind this assumption see [30, 1]. It should be noticed that optical multicasting (which can be implemented via light–trees) has improved characteristics over electronic multicasting since splitting light is “easier” than copying a packet in an electronic buffer [23].

However, typical optical networks will have a limited number of these more sophisticated switches, and one has to position them in such a way that all possible multicasts can be performed. Thus we are lead to the problem of finding spanning trees with as few branch vertices as possible.

Specifically, let G be the graph whose vertices are the switches of the network, and whose edges are the fiber links. With s(G) light-splitting switches, placed at the branch vertices of an optimal spanning tree, we can perform all possible multicasts. In particular, if s(G) = 1, i.e., if G has a spanning spider, we can perform all possible multicasts with just one special switch. If G is a arachnoid graph, no light–splitting switches are needed. (Recall that the source of the multicast can transmit to any number of neighbours.) If s(G) > 0, the minimum number of light-splitting switches needed for all possible multicasts in G, is in fact equal to s(G). Indeed, if k vertices of G are allowed to be branch vertices, then multicasting from one of these vertices results in a spanning tree of G with at most k branch vertices, thus k ≥ s(G).

In this paper, we investigate the parameter s(G), with emphasis on graphs which admit a spanning spider, or which are arachnoid, in analogy with the study of graphs which admit a Hamilton path. We show that an efficient algorithm to recognize these graphs or a nice characterization for them is unlikely to exist, as the recognition problems are all N P -complete. In fact, we show that s(G) is even hard to approximate. We explore several density conditions, similar to those for Hamilton paths, which are sufficient to give interesting upper bounds on s(G). Finally, we also relate the parameter s(G) to a number of other well studied graph parameters, such as connectivity, independence number, and the length of a longest path.

In dealing with branch vertices, it is helpful to observe that a cut vertex v of a graph G such that G − v has at least three components must be a branch vertex of any spanning tree of G. We will use this observation throughout our arguments.

1.1 Summary of the paper

The rest of the paper is organized as follows. In Section 2 we study the computational complexity of the problems we introduced and show they are all N P -complete. We also give nonapproximability results for s(G). In Section 3 we explore density conditions which imply strong upper bounds on s(G). In Section 4 we relate the parameter s(G) to other important graph parameters; we also show that there is a polynomial time algorithm to find a spanning tree of a connected graph G with at most α(G) − 2 branch vertices, where α(G) is the independence number of the graph. Finally, in Section 5 we conclude and give some open problems.

2 Complexity Results

We shall show that all of the problems we have introduced are N P -complete. Since all of them, when appropriately stated, belong to N P , we shall only exhibit the corresponding reductions. Recall that it is N P -complete to decide whether, given a graph G and a vertex v, there exists a Hamilton path in G starting at v [10].

We begin with the case of graphs G that admit a spanning spider, i.e., with s(G) ≤ 1. Proposition 1 It is N P -complete to decide whether a graph G admits a spanning spider.

Proof. Suppose G is a given graph, and v a given vertex of G. Construct a new graph G0 which consists of three copies of G and one additional vertex adjacent to the vertex v of all three copies of G. It is then easy to see that G0 has a spanning spider (necessarily centred at the additional vertex), if and only if G admits a Hamilton path starting at v.

More generally, we prove that it is N P -complete to decide whether a given graph admits a spanning tree with at most k branch vertices:

Proposition 2 Let k be a fixed non-negative integer. It is N P -complete to decide whether a given graph G satisfies s(G) ≤ k.

Proof. In view of the preceding result, we may assume that k ≥ 2. (Recall that s(G) = 0 is equivalent to G admitting a Hamilton path, a well known N P - complete problem.) Let again G be a given graph, and v a given vertex of G. This time we construct a graph G0 from 2k disjoint copies of G and a complete graph on k additional vertices, by making each additional vertex adjacent to the vertex v of its own two copies of G. It is again easy to check that G0 admits a spanning tree with at most k branch vertices (necessarily among the vertices of the additional complete graph), if and only if G admits a Hamilton path starting at v.

The problem of recognizing arachnoid graphs is also intractable:

Proposition 3 It is N P -complete to decide whether a given graph G is arachnoid.

Proof. We show that the problem of deciding whether a graph has a spanning spider can be reduced to the problem of deciding whether a graph is arachnoid. Given a graph G on n vertices, we construct new graph G0 as follows. Take n copies of G, denoted by G^1, G^2, . . ., G^n. Let {v^i_1, v^i_2, . . . , v^i_n} be the vertex set of G^i (i = 1, 2, . . ., n). The graph G0 is constructed from G^1, G^2, . . . , G^n by identifying all vertices v^j (j = 1, 2, . . ., n) into one vertex called w. The vertex w is a cut-vertex in G0, and hence if G0 has a spanning spider, then w must be its center. Moreover, it is clear that such a spider exists if and only if G is arachnoid.

We show now that even approximating s(G) seems to be an intractable problem. (More results on nonapproximability can be obtained by the same technique from other results of [2].)

Proposition 4 Let k be any fixed positive integer. Unless P = N P , there is no polynomial time algorithm to check if s(G) ≤ k, even among cubic graphs with s(G) = 0.

Proof. This will follow from [2], and the following observation. Let ℓ(G) denote the maximum length of a path in G. Thus ℓ(G) = n if and only if G admits a Hamilton path, that is, s(G) = 0. We claim that in any cubic graph G with s(G) > 0 ℓ(G) ≥ 2 2s(G) + 1 (n − s(G)). (1) Consider an optimal spanning tree T of G, and denote by S its set of branch vertices. Thus |S| = s(G). The graph induced on T − S is a union of at most 2s(G) + 1 paths. Indeed, there are at most s(G) − 1 paths joining two branch vertices (these are called trunks of T ), and at most s(G) + 2 paths joining a branch vertex to a leaf (these are called branches of T ). Thus the two longest paths of T − S have at least the number of vertices counted by the right hand side of the above inequality. Since some path of G must contain both these paths of T − S, the inequality follows.

It is shown in [2] that there is no polynomial time algorithm guaranteed to find ℓ(G) ≥ n/k, even among cubic graphs with ℓ(G) = n. It follows from our inequality that (for large enough n) ℓ(G) ≥^1_{s(G)+1} n, and the proposition follows.

We close this section by noticing that the inequality (1) can be generalized as follows (thus allowing corresponding generalizations of Proposition 4): ℓ(G) ≥ 2 s(G)(Δ − 1) + 1 (n − s(G)), where Δ is the maximum degree of G.

3 Density

Of the several possible density conditions that assure the existence of a Hamilton path [9], we focus on the following result from [18] and [16]:

Theorem 1 [18][16] Let G be a connected graph that does not contain K_{1,3} as an induced subgraph.

If each vertex of G has degree at least (n − 2)/3 (or, more generally, if the sum of the degrees of any three independent vertices is at least n − 2), then G has a Hamilton path.

We shall prove a similar result for spanning spiders:

Theorem 2 Let G be a connected graph that does not contain K_{1,3} as an induced subgraph.

If each vertex of G has degree at least (n − 3)/4 (or, more generally, if the sum of the degrees of any four independent vertices is at least n − 3), then G has a spanning spider.

In fact, we have the following general result which treats the existence of a spanning tree with at most k vertices, and includes both the above theorems (corresponding to k = 0 and k = 1):

Theorem 3 Let G be a connected graph that does not contain K_{1,3} as an induced subgraph, and let k be a nonnegative integer.

If each vertex of G has degree at least^n�^k�^2_{k+3} (or, more generally, if the sum of the degrees of any k + 3 independent vertices is at least n − k − 2), then s(G) ≤ k. The proof of Theorem 3 is omitted from this extended abstract, but we offer the following observations.

Remark 1 We first notice that there is no new result of this type for arachnoid graphs, because the smallest lower bound on the degrees of a connected graph G without K_{1,3} which would guarantee that G is arachnoid is^n�^2_3 : The graph R_p obtained from a triangle abc by attaching a separate copy of K_p, p ≥ 3, to each vertex a, b, c, is a K_{1,3}-free graph with minimum degree^n�^3_3 , which is not arachnoid (all spanning spiders must have center in the triangle abc). However, if all degrees of a connected graph G without K_{1,3} are at least^n�^2_3 , then already Theorem 1 implies that G has a Hamilton path (and hence is arachnoid).

We also remark that Theorem 3 does not hold if K_{1,3} is not excluded as an induced subgraph: For k = 0 this is well-known, and easily seen by considering, say the complete bipartite graph K_{p,p+2} (p ≥ 1). For k ≥ 1 we can take a path on k + 1 vertices and attach a K_p (p ≥ 2) to every vertex of the path. Moreover, we attach an extra K_p to the first and the last vertex of the path. The resulting graph is not K_{1,3}-free, and has no spanning tree with k branch vertices. However, the degree sum of any k +3 independent vertices in the graph is at least n−k −1, where n = (k + 3)p − 2.

Finally, we note that the bound n − k − 2 in the theorem is nearly best possible. For k = 0, this is again well-known, and can be seen by considering, say, the above graph R_p. For k ≥ 1, we consider following example. Take two copies of R_p, where p = k + 1. Shrink one K_p back to a vertex in one of the two copies of R_p, and attach the vertex to a vertex of degree p − 1 in the other copy of R_p. The resulting graph has four copies of K_p, each with p − 1 vertices of degree p − 1, and one copy K_p, denoted by K, with p − 2 vertices of degree p − 1. Take k − 1 vertices of degree p − 1 in K, and attach a copy of K_p to each. The resulting graph is K_{1,3}-free, and has no spanning tree with at most k branch vertices. The degree sum of any k + 3 independent vertices is at least n − k − 5, where n = (k + 3)p + 2.

We can prove a similar result for graphs that do not contain K_{1,4} as an induced subgraph. (For the existence of Hamilton paths and cycles, such results can be found in [17, 4].)

Naturally, there is a tradeoff between this weaker assumption and the minimum degrees in G one has to assume. We only state it here for k ≥ 1, the main emphasis of our paper. The proof is omitted from this extended abstract.

Theorem 4 Let G be a connected graph that does not contain K_{1,4} as an induced subgraph, and let k be a nonnegative integer.

If each vertex of G has degree at least^{n+3k+1}_{k+3} (or, more generally, if the sum of the degrees of any k + 3 independent vertices is at least n + 3k + 1), then s(G) ≤ k. We have also attempted to generalize the best known density theorem on hamiltonicity - the theorem of Dirac [6], which implies, in particular, that a graph in which all degrees are at least^n�^1_2 has a Hamilton path. We have the following conjecture:

Conjecture Let G be a connected graph and k a nonnegative integer.

If each vertex of G has degree at least^n�^1_{k+2} (or, more generally, if the sum of the degrees of any k + 2 independent vertices is at least n − 1), then s(G) ≤ k.

We believe the conjecture, at least for k = 1. (Note that it is true for k = 0 by Dirac’s theorem.) We have proved, for instance, that any connected graph G with all degrees at least^n�^1_3 has either a spanning spider with at most three branches, or has a spanning caterpillar. We are hoping to prove that the spanning caterpillar can be chosen so that all leaves except one are incident with the same vertex, i.e., that the caterpillar is also a spider. This would imply the conjecture for k = 1, and would also give additional information on the kind of spiders that are guaranteed to exist - that is, either a spider with at most three branches, or a spider with many branches but all except one having just one edge. We know that having all degrees at least^n�^1_3 is not sufficient to imply the existence of a spider with at most three branches - the graph K_{p,2p} is a counterexample.

4 Relation to Other Problems

We relate our parameter s(G) to other classical graph theoretic parameters.

First we make some additional remarks about arachnoid graphs.

Proposition 5 If G is an arachnoid graph, then, for any set S of vertices, the graph G − S has at most |S| + 1 components.

Proof. If the deletion of S leaves at least |S| + 2 components, then no spider centred in one of the components can be spanning.

The condition in the proposition is a well-known necessary condition for a graph to have a Hamilton path. Recall that we have also observed in Section 3, that we don’t have a density condition which implies that a graph is arachnoid without also implying that it has a Hamilton path. Thus we are lead to ask whether or not every arachnoid graph must have a Hamilton path. This is, in fact, not the case, but examples are not easy to find. One can, for instance, take a hypotraceable graph G, that is a graph which does not have a Hamilton path, but such that for each vertex v, the graph G − v has a Hamilton path. Hypotraceable graphs are constructed in [26, 27].

Proposition 6 Every hypotraceable graph is arachnoid.

Proof. For any vertex x, consider the Hamilton path in G − v, where v is any neighbour of x. Adding the edge xv yields a spanning spider of G centred at x.

The following observation shows the relationship between path coverings and s(G). Proposition 7 If G is a connected graph whose vertices can be covered by k disjoint paths, then G has a spanning tree with at most 2k − 2 branch vertices, that is, s(G) ≤ 2k − 2. Let α(G) denote the independence number of G, i.e. maximum size of an independent set of vertices in G, and let κ(G) denote the connectivity of G, i.e. minimum number of vertices removal of which disconnects G or results in an empty graph. Chvátal and Erdős [5] proved that vertices of any graph G can be covered by at most ⌈α(G)/κ(G)⌉ vertex disjoint paths. Using the previous proposition we have

Theorem 5 Let G be a connected graph. Then s(G) ≤ 2 ⌈α(G)/κ(G)⌉ − 2.

Thus, for 1-connected graphs, previous theorem gives s(G) ≤ 2α(G) − 2. One may in fact do a little bit better as shown by the following Theorem 6. A caterpillar in which all branch vertices are of degree 3 shows that Theorem 6 is best possible.

Theorem 6 Let G be a connected graph which is not complete.

Then s(G) ≤ α(G) − 2, and a spanning tree with at most α(G) − 2 branch vertices can be found in polynomial time.

Proof. We shall prove a more general statement. Let T ⊆ G be a tree and let L be the set of all leaves and S be the set of all branch vertices of T . For every leaf u ∈ L, there is unique branch vertex s(u) ∈ S (closest to u). These two vertices are joined by unique s(u) − u path in T called the branch of u. Recall that the path joining two branch vertices of T is called a trunk of T . Note that a tree with l branch vertices has at least l +2 branches (and hence at least l +2 leaves).

Suppose that G is a counterexample to our theorem, i.e., it has no spanning tree with at most α(G) − 2 branch vertices. Let T ⊆ G be a tree of G with at most α(G) − 2 branch vertices. We assume T is chosen so that it contains the greatest number of vertices, and, subject to this condition, so that

(i) the sum of the degrees of the branch vertices of T is as small as possible.

We may assume that T has exactly α(G)−2 branch vertices, by the connectivity of G and the maximality of T . It follows that T has at least α(G) leaves. If any two of these, say u, v ∈ L are adjacent, then the tree T + uv − us(u) violates (i). Thus, the set of leaves of T is an independent set of cardinality α(G). Since G is a counterexample, there is a vertex r in V (G) − V (T ). As the maximum independent set in G has cardinality α(G), the vertex r must be adjacent to at least one leaf of T , contradicting the maximality of T .

To see that the above process is constructive, it is enough to start with any tree T and then to modify T so that:

1. It has at most α(G)−2 branch vertices. This can be done, since if T has more than α(G) − 2 branch vertices, then it has more that α(G) leaves, and at least two of them, say u, v are adjacent. Now, we modify T to T +uv −us(u). This either results in α(G) − 2 branch vertices in T , or we can repeat the process.

2. It has at most α(G) leaves. This can be accomplished by a procedure similar to the above.

3. It contains all the vertices of G. Indeed, if T has fewer than α(G) − 2 branch vertices, then we can simply add any new vertex into T . Otherwise T has at least α(G) − 2 branch vertices thus, at least α(G) leaves, and any vertex not in T must be adjacent to a leaf. This obviously allows for an extension.

To check which case applies takes polynomial time, and each of the cases is applied at most |V (G)| times.

5 Concluding Remarks

In Section 2 we have proved that, unless P = N P , there is no polynomial time algorithm to approximate the minimum number of branch vertices s(G) of any spanning tree of G, to within a constant factor. Under stronger complexity assumptions, stronger nonapproximability results can be derived. The first natural question to ask is which kind of positive results on the approximability of s(G) one can obtain.

In Section 4 we proved that there exists a polynomial time algorithm to find a spanning tree of a graph G with at most α(G) − 2 branch vertices, for any connected graph G. A (better) nonconstructive bound is given in Theorem 5 depending on the connectivity κ(G) of G. An interesting problem is to improve Theorem 6 constructively taking into account the connectivity κ(G) of G.

We have observed that every graph with a Hamilton path (such graphs are sometimes called traceable) is arachnoid, and proved in Proposition 6 that every hypotraceable graph is arachnoid, but these are the only ways we have of constructing arachnoid graphs. It would be interesting to find constructions of arachnoid graphs that are neither traceable (do not have a Hamilton path), nor hypotraceable.

In the same vein, all our arachnoid graphs have the property that each vertex is the center of a spider with at most three branches. We propose the problem of constructing arachnoid graphs in which this is not so, i.e., in which some vertex v is the center of only spiders with more than three branches.

Acknowledgements

We would like to thank Bruno Beauquier for his interest and inspiration.

References

1. M. Ali, Transmission Efficient Design and Management of Wavelength–Routed Optical Networks, Kluwer Academic Publishing, 2001.

2. C. Bazgan, M. Shanta, Z. Tuza, “On the Approximability of Finding A(nother) Hamiltonian Cycle in Cubic Hamiltonian Graphs”, Proc. 15th Annual Symposium on Theoretical Aspects of Computer Science, LNCS, Vol. 1373, 276-286, Springer, (1998).

3. B. Beauquier, J-C. Bermond, L. Gargano, P. Hell, S. Perennes, U. Vaccaro, ”Graph Problems arising from Wavelength-Routing in All-Optical Networks”, Proc. of WOCS, Geneve, Switzerland, 1997.

4. G. Chen, R. H. Schelp, “Hamiltonicity for K1;r -free graphs”, J. Graph Th., 20, 423–439, 1995.

5. V. Chvátal, P. Erdős. “A note on Hamiltonian circuits”, Discr. Math., 2:111–113, 1972.

6. G. A. Dirac, “Some theorems on abstract graphs”, Proc. London Math. Soc., 2:69–81, 1952.

7. T. Feder, R. Motwani, C. Subi, “Finding Long Paths and Cycles in Sparse Hamiltonian Graphs”, Proc. Thirty second annual ACM Symposium on Theory of Computing (STOC’00) Portland, Oregon, May 21–23, 524-529, ACM Press, 2000.

8. L. Gargano, U. Vaccaro, “Routing in All–Optical Networks: Algorithmic and Graph–Theoretic Problems”, in: Numbers, Information and Complexity, I. Althofer et al. (Eds.), Kluwer Academic Publisher, pp. 555-578, Feb. 2000.

9. R. J. Gould. Updating the Hamiltonian problem—a survey. J. Graph Theory, 15(2):121–157, 1991.

10. R. M. Karp, “Reducibility among combinatorial problems”, Complexity of Computer Computations, R.E. Miller and J.W.Thatcher (eds.), Plenum Press, (1972), 85-103.

11. S. Khuller, B. Raghavachari, N. Young, “Low degree spanning trees of small weight”, SIAM J. Comp., 25 (1996), 335–368.

12. J. Könemann, R. Ravi, “A Matter of Degree: Improved Approximation Algorithms for Degree-Bounded Minimum Spanning Trees”, Proc. Thirty second annual ACM Symp. on Theory of Computing (STOC’00), Portland, Oregon, 537– 546, (2000).

13. D. Krager, R. Motwani, D.S. Ramkumar, “On Approximating the Longest Path in a Graph”, Algorithmica, 18 (1997), 82–98.

14. A. Kyaw, “A Sufficient Condition for a Graph to have a k Tree”, Graphs and Combinatorics, 17: 113–121, 2001.

15. M. Las Vergnas, “Sur une proprieté des arbres maximaux dans un graphe”, Compte Rendus Acad. Sc. Paris, 271, serie A, 1297–1300, 1971.

16. Y. Liu, F. Tian, and Z. Wu, “Some results on longest paths and cycles in K1;3-free graphs”, J. Changsha Railway Inst., 4:105–106, 1986.

17. L. R. Markus. Hamiltonian results in K1;r-free graphs. In Proc. of the Twentyfourth Southeastern International Conference on Combinatorics, Graph Theory, and Computing (Boca Raton,FL, 1993), volume 98, pages 143–149, 1993.

18. M. M. Matthews, D. P. Sumner. Longest paths and cycles in K1;3-free graphs. J.

Graph Theory, 9(2):269–277, 1985.

19. B. Mukherjee, Optical Communication Networks, McGraw–Hill, New York, 1997. 20. V. Neumann Lara, E. Rivera-Campo, “Spanning trees with bounded degrees”, Combinatorica, 11(1):55–61, 1991.

21. O. Ore. Note on Hamilton circuits. Amer. Math. Monthly, 67:55, 1960. 22. B. Raghavari, “Algorithms for finding low–degree structures”, in: Approximation Algorithms for NP–Hard Problems, D.S. Hochbaum (Ed.) PWS Publishing Company, Boston, 266–295, 1997.

23. L. Sahasrabuddhe, N. Singhal, B. Mukherjee, “Light-Trees for WDM Optical Networks: Optimization Problem Formulations for Unicast and Broadcast Traffic,” Proc. Int. Conf. on Communications, Computers, and Devices (ICCD-2000), IIT Kharagpur, India, (2000).

24. L. H. Sahasrabuddhe, B. Mukherjee, “Light Trees: Optical Multicasting for Improved Performance in Wavelength–Routed Networks”, IEEE Comm. Mag., 37: 67–73, 1999.

25. T.E. Sterne, K. Bala, MultiWavelength Optical Networks, Addison–Wesley, 1999. 26. C. Thomassen, “Hypohamiltonian and hypotraceable graphs”, Disc. Math., 9(1974), 91–96.

27. C. Thomassen, “Planar cubic hypo-Hamiltonian and hypotraceable graphs”, J.

Combin. Theory Ser. B, 30(1), 36–44, 1981.

28. Y. Wang, Y. Yang, “Multicasting in a Class of Multicast–Capable WDM Networks”, Journal of Lightwave Technology, 20 (2002), 350–359.

29. S. Win, “Existenz von Gerüsten mit vorgeschriebenem Maximalgrad in Graphen”, Abh. Mat. Sem. Univ. Hamburg, 43: 263–267, 1975.

30. X. Zhang, J. Wei, C. Qiao, “Costrained Multicast Routing in WDM Networks with Sparse Light Splitting”, Proc. of IEEE INFOCOM 2000, vol. 3: 1781–1790, Mar. 2000.