
AH T�`�/B;K� ǭ/BpB/2 2i BKT2`�Ǯ

G� i2+MB+� �H;Q`BiKB+� /2H ǳ/BpB/2 2i BKT2`�Ǵ +QMbBbi2 M2H

/2+QKTQ``2 BH T`Q#H2K� BM mM TB++QHQ MmK2`Q /B bQiiQ@T`Q#H2KB- +B�b+mMQ
/2B [m�HB ĕ /2HHQ bi2bbQ iBTQ /2H T`Q#H2K� Q`B;BM�H2 K� ĕ /2}MBiQ bm mM
BMbB2K2 /B /�iB TBɍ TB++QHQ `BbT2iiQ � [m2HHQ BMBxB�H2c
`BbQHp2`2 `B+Q`bBp�K2Mi2 +B�b+mM bQiiQ@T`Q#H2K� }MQ � +?2 MQM bB �``Bp� �
`BbQHp2`2 bQiiQ@T`Q#H2KB /B i�;HB� +QbŢ TB++QH� /� TQi2` 2bb2`2 `BbQHiB
/B`2ii�K2Mi2 Ub2Mx� 2z2iim�`2 mHi2`BQ`B +?B�K�i2 `B+Q`bBp2Vc
+QK#BM�`2 H2 bQHmxBQMB /2B bQiiQ@T`Q#H2KB �H }M2 /B Qii2M2`2 mM� bQHmxBQM2
�H T`Q#H2K� /B T�`i2Mx�X



P`/BM�K2MiQ T2` 7mbBQM2, J2`;2aQ`i

GǶ�H;Q`BiKQ J2`;2aQ`i Q`/BM� BM KQ/Q MQM /2+`2b+2Mi2 mM� b2[m2Mx� /B
MmK2`BX GǶB/2� /2HHǶ�H;Q`BiKQ ĕ /2b+`Bii� /B b2;mBiQX

a2 HǶ�``�v +QMiB2M2 /m2 Q TBɍ 2H2K2MiB- HǶ�``�v pB2M2 bm//BpBbQ BM /m2 T�`iB
+B�b+mM� /2HH2 [m�HB +QMiB2M2 +B`+� H� K2i¨ /2;HB 2H2K2MiB
G2 /m2 bQiiQb2[m2Mx2 p2M;QMQ Q`/BM�i2 `B+Q`bBp�K2Mi2X
lM� pQHi� Q`/BM�i2- H2 /m2 bQiiQb2[m2Mx2 p2M;QMQ 7mb2 BM mMǶmMB+�
b2[m2Mx� Q`/BM�i�X



J2`;2aQ`i

.2b+`BpB�KQ HǶ�H;Q`BiKQ J2`;2aQ`i +?2 Q`/BM� mM �``�vX GǶ�H;Q`BiKQ `B+2p2 BM
BMTmi mM �``�v 2 /m2 BMi2`B +?2 /2HBKBi�MQ H� T�`i2 /B �``�v +?2 bB /2bB/2`�
Q`/BM�`2X AMBxB�HK2Mi2 BMpQ+?B�KQ J2`;2aQ`i +QM bBMBbi`� m;m�H2 � y 2 /2bi`�
m;m�H2 �H MmK2`Q /B 2H2K2MiB /2HHǶ�``�v @RX

R J2`;2aQ`iU �- bBMBbi`�- /2bi`� V,
k B7 UbBMBbi`� I /2bi`�V &
j +2Mi`Q 4 UbBMBbi`�Y/2bi`�Vfkc
9 J2`;2aQ`iU �- bBMBbi`�- +2Mi`Q Vc
8 J2`;2aQ`iU �- +2Mi`QYR- /2bi`� Vc
e J2`;2U �- bBMBbi`�- +2Mi`Q- /2bi`� Vc
d '

S2` +�H+QH�`2 BH i2KTQ /B 2b2+mxBQM2 h(M) /Q##B�KQ i2M2` +QMiQ /2H
i2KTQ T2` /2+QKTQ``2 BH T`Q#H2K� BM /m2 bQiiQT`Q#H2KB , PURV BM [m�MiQ
Q++Q``2 bQHQ +�H+QH�`2 BH +2Mi`Q
i2KTQ T2` 2b2;mB`2 H2 /m2 +?B�K�i2 `B+Q`bBp2, h(⌊ M

k ⌋) + h(⌈ M
k ⌉)

i2KTQ T2` 7QM/2`2 H2 /m2 b2[m2Mx2, \



Gǰ�H;Q`BiKQ 6mbBQM2

SQbbB�KQ 7QM/2`2 /m2 b2[m2Mx2 Q`/BM�i2 � =< �R, . . . , �M > 2
" =< #R, . . . , #K > BM KQ/Q /� 7Q`K�`2 mMǶmMB+� b2[m2Mx� Q`/BM�i� BM
i2KTQ HBM2�`2 BM M + KX
GǶB/2� /2HHǶ�H;Q`BiKQ ĕ BH b2;m2Mi2,

R a+�M/B�KQ ;HB 2H2K2MiB /2HH2 /m2 b2[m2Mx2 /� bBMBbi`� p2`bQ /2bi`�
miBHBxx�M/Q HǶBM/B+2 B T2` � 2 HǶBM/B+2 D T2` "X

k 6BMQ � +?2 B ≤ M 2 D ≤ K- +QM7`QMiB�KQ �B +QM #DX a2 �B ĕ KBMQ`2 Q m;m�H2 /B
#D- �B pB2M2 BMb2`BiQ �HH� }M2 /2HH� b2[m2Mx� QmiTmi Q- M2H +�bQ /B mM �``�v-
M2HH� T`BK� +2HH� HB#2`� 2 B pB2M2 BM+`2K2Mi�iQ /B RX a2 �B ĕ K�;;BQ`2 /B #D- #D
pB2M2 BMb2`BiQ �HH� }M2 /2HH� b2[m2Mx� QmiTmi Q- M2H +�bQ /B mM �``�v- M2HH�
T`BK� +2HH� HB#2`� 2 D pB2M2 BM+`2K2Mi�iQ /B RX

j �H i2`KBM2 /2H +B+HQ T`2+2/2Mi2 b2 B ≤ M i`�b72`B�KQ mMQ /QTQ HǶ�Hi`Q ;HB
2H2K2MiB �B, . . . , �M �HH� }M2 /2HH� b2[m2Mx� QmiTmic b2 D ≤ K i`�b72`B�KQ mMQ
/QTQ HǶ�Hi`Q ;HB 2H2K2MiB #D, . . . , #K �HH� }M2 /2HH� b2[m2Mx� QmiTmiX



Gǰ�H;Q`BiKQ 6mbBQM2

P;MB pQHi� +?2 2b2;mB�KQ mM +QM7`QMiQ i`� mM 2H2K2MiQ /B � 2/ mMQ /B "-
pB2M2 BM+`2K2Mi�iQ mMQ i`� B /m2 BM/B+B B 2 DX .B +QMb2[m2Mx� HǶ�H;Q`BiKQ
2z2iim� �H TBɍ M + K +QM7`QMiBX
aB� F ≤ M + K BH MmK2`Q iQi�H2 /B +QM7`QMiB 2z2iim�iB /�HHǶ�H;Q`BiKQX �H
i2`KBM2 /B [m2biB +QM7`QMiB- H� b2[m2Mx� QmiTmi +QMi2``¨ F 2H2K2MiB 2 BM
mM� /2HH2 /m2 b2[m2Mx2 +B b�`�MMQ M + K − F 2H2K2MiB +?2 /Qp`�MMQ 2bb2`2
i`�b72`BiB M2HH� b2[m2Mx� QmiTmiX
AH i2KTQ iQi�H2 T2` 7QM/2`2 H2 /m2 b2[m2Mx2 Q`/BM�i2 ĕ [mBM/B HBM2�`2 BM
F + (M + K − F) = M + KX



J2`;2, �H;Q`BiKQ J2`;2

.2b+`BpB�KQ HǶ�H;Q`BiKQ J2`;2 +?2 7QM/2 /m2 b2;K2MiB �/B�+2MiB /B mM �``�vX
AH T`BKQ b2;K2MiQ T�`i2 /�HH� HQ+�xBQM2 /B BM/B+2 bt 2 }MBb+2 M2HH� HQ+�xBQM2
/B BM/B+2 +t
BH b2+QM/Q b2;K2MiQ T�`i2 /�HH� HQ+�xBQM2 /B BM/B+2 +t + R 2 }MBb+2 M2HH�
HQ+�xBQM2 /B BM/B+2 /t

R J2`;2U �- bt- +t- /t V,
k B 4 btc D 4 +tYRc F 4 yc
j r?BH2 UUB I4 +tV �� UD I4 /tVV &
9 B7 U�(B) I4 �(D)V &
8 #(F) 4 �(B)c B 4 BYRc
e ' 2Hb2 &
d #(F) 4 �(D)c D 4 DYRc
3 '
N F 4 FYRc

Ry '
RR 7Q` U c B I4 +tc B 4 BYR- F 4 FYRV
Rk #(F) 4 �(B)c
Rj 7Q` U c D I4 /tc D 4 DYR- F 4 FYRV
R9 #(F) 4 �(D)c
R8 7Q` UB 4 btc B I4 /tc B 4 BYRV
Re �(B) 4 #(B@bt)c



�M�HBbB /2HHǰ�H;Q`BiKQ J2`;2aQ`i

P`� +?2 b�TTB�KQ [m�H ĕ BH i2KTQ /B 2b2+mxBQM2 /2HHǶ�H;Q`BiKQ J2`;2aQ`i-
TQbbB�KQ +QKTH2i�`2 HǶ�M�HBbB /2HHǶ�H;Q`BiKQ J2`;2aQ`iX AM/B+?B�KQ +QM h(M) BH
bmQ i2KTQ /B 2b2+mxBQM2 T2` mM �``�v BMTmi /B M 2H2K2MiBX AH i2KTQ h(M) ĕ /�iQ
/�

i2KTQ T2` /2+QKTQ``2 BH T`Q#H2K� BM /m2 bQiiQT`Q#H2KB , Θ(R)-
i2KTQ T2` 2b2;mB`2 H2 /m2 +?B�K�i2 `B+Q`bBp2, h(⌊ M

k ⌋) + h(⌈ M
k ⌉)-

i2KTQ T2` 7QM/2`2 H2 /m2 b2[m2Mx2, +M = Θ(M)X

aB ?� [mBM/B h(M) = h(⌊ M
k ⌋) + h(⌈ M

k ⌉) + +M + +′ = P(?)X



_2H�xBQMB /B `B+Q``2Mx�

Zm�M/Q mM �H;Q`BiKQ +QMiB2M2 mM� Q TBɍ +?B�K�i2 `B+Q`bBp2 � bû bi2bbQ- BH
bmQ i2KTQ /B 2b2+mxBQM2 Tmǁ 2bb2`2 bT2bbQ /2b+`BiiQ /� mM� `2H�xBQM2 /B
`B+Q``2Mx�X
lM� `2H�xBQM2 /B `B+Q``2Mx� +QMbBbi2 BM mMǶm;m�;HB�Mx� Q BM mM�
/Bbm;m�;HB�Mx� +?2 /2b+`Bp2 mM� 7mMxBQM2 BM i2`KBMB /2B bmQB p�HQ`B bm BMTmi
TBɍ TB++QHBX
1b2KTBQ,

7(M) =
{

� b2 M ≤ k
k7(M/j) + 9M �Hi`BK2MiB



_2H�xBQMB /B `B+Q``2Mx�

o2/B�KQ +QK2 bB b+`Bp2 H� `2H�xBQM2 /B `B+Q``2Mx� +?2 /2b+`Bp2 BH i2KTQ /B
2b2+mxBQM2 h(M) /B mM �H;Q`BKQ #�b�iQ bmHH� i2+MB+� /2H /BpB/2 2i BKT2`�
T2` mM BMTmi /B /BK2MbBQM2 MX

a2 H� /BK2MbBQM2 M /2H T`Q#H2K� ĕ KBMQ`2 /B mM� +2`i� +Qbi�Mi2 +-
HǶ�H;Q`BiKQ `BbQHp2 /B`2ii�K2Mi2 BH T`Q#H2K� Ub2Mx� 2z2iim�`2 +?B�K�i2
`B+Q`bBp2V

h(M) ≤ +y, T2` mM� +2`i� +Qbi�Mi2 +y .

S2` M > +- BH T`Q#H2K� pB2M2 bm//BpBbQ BM bQiiQT`Q#H2KB, bmTTQMB�KQ +?2 BH
T`Q#H2K� p2M;� bm//BpBbQ BM α bQiiQT`Q#H2KB- Q;MmMQ /B /BK2MbBQM2 M/β
GǶ�H;Q`BiKQ pB2M2 BMpQ+�iQ `B+Q`bBp�K2Mi2 T2` `BbQHp2`2 +B�b+mMQ /B [m2biB
α bQiiQT`Q#H2KB
G2 α bQHmxBQMB T2` [m2biB bQiiQT`Q#H2KB p2M;QMQ `B+QK#BM�i2 T2` Qii2M2`2
H� bQHmxBQM2 �H T`Q#H2K� Q`B;BM�`BQX



_2H�xBQMB /B `B+Q``2Mx�

amTTQMB�KQ +?2 HǶ�H;Q`BiKQ BKTB2;?B �H TBɍ i2KTQ /(M) T2` bm//BpB/2`2 BH
T`Q#H2K� /B T�`i2Mx� BM α bQiiQT`Q#H2KBX
amTTQMB�KQ +?2 HǶ�H;Q`BiKQ BKTB2;?B �H TBɍ i2KTQ i2KTQ `(M) T2`
`B+QK#BM�`2 H2 bQHmxBQMB /2;HB α bQiiQT`Q#H2KBX
AH i2KTQ /B 2b2+mxBQM2 h(M) T2` M > + Tmǁ 2bb2`2 /2b+`BiiQ /�HH� `2H�xBQM2,

h(M) ≤ αh(M/β) + /(M) + `(M)

ZmBM/B TQbbB�KQ b+`Bp2`2 H� `2H�xBQM2 /B `B+Q``2Mx�,

h(M) ≤
{

+y b2 M ≤ +
αh(M/β) + /(M) + `(M) �Hi`BK2MiB



h2KTQ /B 2b2+mxBQM2 /B J2`;2aQ`i

GǶ�H;Q`BiKQ J2`;2aQ`i /2+QKTQM2 BH T`Q#H2K� BM /m2 bQiiQT`Q#H2KB /B
/BK2MbBQM2 ⌊M/k⌋ 2 ⌈M/k⌉ `BbT2iiBp�K2Mi2 2 BKTB2;� i2KTQ +Qbi�Mi2 T2` H�
/2+QKTQbBxBQM2 U/2p2 b2KTHB+2K2Mi2 +QKTmi�`2 HǶBM/B+2 +2Mi`�H2 BM KQ/Q
/� BM/BpB/m�`2 H� }M2 2 HǶBMBxBQ /2B /m2 b2;K2MiB /� Q`/BM�`2V 2 i2KTQ
HBM2�`2 T2` `B+QK#BM�`2 H2 bQHmxBQMB /2B bm2 bQiiQT`Q#H2KB U/2p2 7QM/2`2 B
/m2 b2;K2MiB Q`/BM�iBVX
L2HHǶ�M�HBbB T2` b2KTHB+Bi¨ �bbmKB�KQ +?2 M bB� mM� TQi2Mx� /B k BM KQ/Q
+?2 Q;MB +?B�K�i� `B+Q`bBp� /BpB/� BH b2;K2MiQ bm +mB QT2`� BM /m2
b2;K2MiB /B m;m�H2 ;`�M/2xx�X
ZmBM/B

h(M) =
{

+y b2 M ≤ R
kh(M/k) + +M + +′ �Hi`BK2MiB



h2KTQ /B 2b2+mxBQM2 /B J2`;2aQ`i

4(cn/4+c’) =cn+4c’ 

• log2 n+1 livelli: nodi di profondità 0, nodi di profondità 1, ..., nodi di profondità log n
• Il costo totale associato al livello dei nodi di profondità i≤ log2 n è cn+2i c’
• L’ultimo livello contiene n foglie ciascuna delle quali rappresenta il tempo per risolvere il problema su 

un input di dimensione 1. In totale il lavoro richiesto da queste n chiamate ricorsive è c0n 

• sommando su tutti i livelli
à T(n)=Θ(nlogn) 

8(cn/8+c’) =cn+8c’ 

log2 n�1X

i=0

(cn+2ic0)+c0n = cn log2 n+(2log2 n�1)c0+c0n = cn log2 n+c0n�c0+c0n
<latexit sha1_base64="TXSWLTtZq9GwbwmfwmyGBYcTtsY="></latexit><latexit sha1_base64="TXSWLTtZq9GwbwmfwmyGBYcTtsY="></latexit><latexit sha1_base64="TXSWLTtZq9GwbwmfwmyGBYcTtsY="></latexit>



h2KTQ /B 2b2+mxBQM2 /B J2`;2aQ`i
.BKQbi`B�KQ +QM BH K2iQ/Q Bi2`�iBpQ +?2 BH i2KTQ /B 2b2+mxBQM2 ĕ
Θ(M log M)X
Ai2`B�KQ H� `B+Q``2Mx�

h(M) = +′ + +M + kh(M/k) = +′ + +M + k(+′ + +M/k + kh(M/9))

= (R + k)+′ + k+M + 9h(M/9) = (R + k)+′ + k+M + 9(+′ + +M/9 + kh(M/3))
= (R + k + 9)+′ + j+M + 3h(M/3)

. . . = (R + k + 9 + . . .+ kB−R) + B+M + kBh
( M

kB

)
= kB − R + B+M + kBh

( M
kB

)

Zm�Mi2 pQHi2 /Q##B�KQ Bi2`�`2 H� `B+Q``2Mx� T`BK� /B `�;;BmM;2`2 BH +�bQ
#�b2\
P;MB pQHi� +?2 �TTHB+?B�KQ H� `B+Q``2Mx� H� /BK2MbBQM2 /2HHǶBMTmi pB2M2
/BK2xx�i� T2` +mB HǶB@2bBK� pQHi� +?2 �TTHB+?B�KQ H� `B+Q``2Mx� HǶ�`;QK2MiQ
/2HH� 7mMxBQM2 h /Bp2Mi� M

kB X _�;;BmM;B�KQ BH +�bQ #�b2 [m�M/Q M
kB ≤ R 2

+BQĕ MQM �TT2M� kB ≥ MX L2 +QMb2;m2 +?2 +B 72`KB�KQ /QTQ +?2 �##B�KQ
�TTHB+�iQ H� `B+Q``2Mx� log M pQHi2X
.QTQ �p2` �TTHB+�iQ H� `B+Q``2Mx� log M pQHi2 bB ?�

h(M) = +′(klog M − R) + +M log M + klog Mh(R) = +′M − +′ + +M log M + M+y.

�##B�KQ /BKQbi`�iQ +?2 h(M) = Θ(M log M)



_B+2`+� #BM�`B�, p2`bBQM2 `B+Q`bBp�
R _B+2`+�"BM�`B�_B+Q`bBp�U �-F-bBMBbi`�-/2bi`� V,
k B7 UbBMBbi`� = /2bi`�V &
j `2im`M @Rc
9 '
8 + 4 UbBMBbi`�Y/2bi`�Vfkc
e B7 UF 44 �(+)V &
d `2im`M +c
3 '
N B7 UbBMBbi`�44/2bi`�V &

Ry `2im`M @Rc
RR '
Rk B7 UF I�(+)V &
Rj `2im`M _B+2`+�"BM�`B�_B+Q`bBp�U �-F-bBMBbi`�-+@R Vc
R9 ' 2Hb2 &
R8 `2im`M _B+2`+�"BM�`B�_B+Q`bBp�U �-F-+YR-/2bi`� Vc
Re '

S�`�/B;K� /BpB/2 2i BKT2`�
R *�bQ #�b2, AH b2;K2MiQ BM +mB biB�KQ 2z2iim�M/Q H� `B+2`+� +QMiB2M2 �H TBɍ

mM 2H2K2MiQ QTTm`2 �##B�KQ i`Qp�iQ HǶ2H2K2MiQ �H +2Mi`Q /2H b2;K2MiQ
k .2+QKTQbBxBQM2, T2` /2+QKTQ``2 Q++Q``2 +�H+QH�`2 HǶBM/B+2 +2Mi`�H2 + 2

p2/2`2 b2 F ĕ KBMQ`2 Q K�;;BQ`2 /B �[+]
j _B+Q`bBQM2 2 `B+QK#BM�xBQM2, /B 7�iiQ MQM Q++Q``2 M2bbmM H�pQ`Q /B

`B+QK#BM�xBQM2



�M�HBbB K2/B�Mi2 `2H�xBQM2 /B `B+Q``2Mx�

a2 BH b2;K2MiQ �HHǶBMi2`MQ /2H [m�H2 biB�KQ +2`+�M/Q +QMiB2M2 �H TBɍ mM
2H2K2MiQ QTTm`2 HǶ2H2K2MiQ +2`+�iQ ĕ [m2HHQ +2Mi`�H2- �HHQ`� HǶ�H;Q`BiKQ
2b2;m2 mM MmK2`Q +Qbi�Mi2 /B QT2`�xBQMB ≤ +yX
�Hi`BK2MiB- BH i2KTQ `B+?B2biQ ĕ T�`B � mM� +Qbi�Mi2 + TBɍ BH i2KTQ `B+?B2biQ
/�HH� `B+2`+� /2HHǶ2H2K2MiQ BM mM b2;K2MiQ /B /BK2MbBQM2 �H TBɍ T�`B �HH�
K2i¨ /B [m2HHQ �iim�H2X
AH i2KTQ iQi�H2 /B 2b2+mxBQM2 h(M) bm mM �``�v /B M 2H2K2MiB p2`B}+� H�
`2H�xBQM2 /B `B+Q``2Mx�,

h(M) ≤
{

+y b2 M ≤ R QTTm`2 F ĕ HǶ2H2K2MiQ +2Mi`�H2
h(M/k) + + �Hi`BK2MiB

�TTHB+�M/Q Bi2`�iBp�K2Mi2 H� `B+Q``2Mx� bB ?�

h(M) ≤ h(M/k) + + ≤ h(M/9) + + + + ≤ . . . ≤ h(
M
kB ) + +B

S2` B = log M �##B�KQ

h(M) ≤ h(R) + + log M ≤ +Q + + log M = P(log M).



�M�HBbB K2/B�Mi2 `2H�xBQM2 /B `B+Q``2Mx�

h(M) ≤
{

+y b2 M ≤ R QTTm`2 F ĕ HǶ2H2K2MiQ +2Mi`�H2
h(M/k) + + �Hi`BK2MiB

_BbQHpB�KQ H� `2H�xBQM2 /B `B+Q``2Mx� +QM BH K2iQ/Q /2HH� bQbiBimxBQM2X
AMimBxBQM2 +B bm;;2`Bb+2 +?2 h(M) = P(log M)X .BKQbi`B�KQ [m2biQ HBKBi2
+QM HǶBM/mxBQM2X .BKQbi`2KQ +?2 h(M) ≤ +′ log M T2` mM� +2`i� +Qbi�Mi2
+′ > y 2 T2` Q;MB M ≥ kX
"�b2 /2HHǶBM/mxBQM2, T2` M = k bB ?� i2KTQ KBMQ`2 Q m;m�H2 /B + + +y T2`
+mB #�bi� b+2;HB2`2 +′ ≥ + + +yX
S�bbQ BM/miiBpQ, amTTQMB�KQ +?2 T2` k, . . . , M − R BH HBKBi2 bmT2`BQ`2 bB�
p2`B}+�iQX aB ?� [mBM/B +?2 h(M/k) ≤ +′ log(M/k)X.B +QMb2;m2Mx�

h(M) ≤ h(M/k) + + ≤ +′ log(M/k) + + = +′ log M − +′ + +

�{M+?û `BbmHiB h(M) ≤ +′ log M #�bi� b+2;HB2`2 +′ ≥ +X
�##B�KQ [mBM/B /BKQbi`�iQ +?2 h(M) ≤ +′M T2` Q;MB M′ ≥ k 2
+′ = max{+ + +y, +} = + + +y.



S�`�/B;K� /2HH� `B+2`+� #BM�`B�

oB2M2 mb�iQ BM /Bp2`b2 bBim�xBQMB, T2` 2b2KTBQ- BM/QpBM�`2 mM MmK2`Q TQbBiBpQ t
+QM /QK�M/2 /2H iBTQ ǳt ≤ #\Ǵ- T2` mM +2`iQ #

R *?B2/B b2 BH MmK2`Q BMi2`Q t ĕ ≤ kB T2` B = R, k, . . .
k 62`K�iB MQM �TT2M� H� `BbTQbi� ĕ bŢX
j aB� ? HǶBM/B+2 BM +Q``BbTQM/2Mx� /2H [m�H2 Qii2MB�KQ bŢ +QK2 `BbTQbi�X

PppB�K2Mi2 bB ?� +?2 k?−R < t ≤ k? 2 /B +QMb2;m2Mx� log t ≤ ? < log t+ R
9 1z2iim� `B+2`+� #BM�`B� M2HHǶBMi2`p�HHQ [k?−R + R, k?]
8 AMi2`p�HHQ +QMiB2M2 k?−R BMi2`B T2` +mB `B+2`+� #BM�`B� M2HHǶBMi2`p�HHQ `B+?B2/2

i2KTQ P(log k?−R) = P(? − R) = P(log t)
e AM iQi�H2 P(log t) T2` H2 ? = ⌈log t⌉ /QK�M/2 7�ii2 T2` BM/BpB/m�`2

HǶBMi2`p�HHQ [k?−R + R, k?] TBɍ i2KTQ P(log t) T2` i`Qp�`2 HǶ2H2K2MiQ
M2HHǶBMi2`p�HHQX



GQr2` #QmM/ bmHH� `B+2`+�

aB� � mM [m�HmM[m2 �H;Q`BiKQ /B `B+2`+� +?2 mb� +QM7`QMiB i`� +QTTB2 /B
2H2K2MiB, � /2p2 /Bb+2`M2`2 i`� M + R bBim�xBQMB UHǶ2H2K2MiQ +2`+�iQ �TT�`2 BM
mM� /2HH2 M TQbBxBQMB /2HHǶBMbB2K2 QTTm`2 MQM �TT�`2 M2HHǶBMbB2K2V

� 2b2;m2 /2B +QM7`QMiB- Q;MmMQ /2B [m�HB /¨ HmQ;Q � i`2 TQbbB#BHB `BbTQbi2 BM
[<,>,=]

a2 � 2z2iim� i +QM7`QMiB +B bQMQ ji TQbbB#BHB b2[m2Mx2 /B `BbTQbi2X
�{M+?û HǶ�H;Q`BiKQ BM/BpB/mB +Q``2ii�K2Mi2 t M2HHǶBMbB2K2 BMTmi Q /2+B/�
+Q``2ii�K2Mi2 +?2 t MQM ĕ T`2b2Mi2- Q;MmMQ /2B TQbbB#BHB MYR QmiTmi /2p2
2bb2`2 �bbQ+B�iQ �/ mM� /2HH2 ji b2[m2Mx2 /B `BbTQbi2 U�Hi`BK2MiB +2`iB
QmiTmi MQM p2``2##2`Q K�B T`Q/QiiBV 2 +B�b+mM� /2HH2 ji b2[m2Mx2 /B
`BbTQbi2 /2p2 2bb2`2 �bbQ+B�i� �/ �H TBɍ mMQ /2;HB M + R TQbbB#BHB QmiTmi
U�Hi`BK2MiB +B b�`2##2`Q TBɍ QmiTmi TQbbB#BHB T2` mM� bi2bb� b2[m2Mx� /B
`BbTQbi2VX
.2p2 [mBM/B p�H2`2 ji ≥ M + RX
L2 /2`Bp� +?2 Q++Q``QMQ i ≥ logj(M + R) = Ω(log M) +QM7`QMiB, +Bǁ
`�TT`2b2Mi� mM HBKBi2 BM72`BQ`2 T2` BH T`Q#H2K� /2HH� `B+2`+� T2` +QM7`QMiBX

*QMb2;m2Mx�, HǶ�H;Q`BiKQ /B `B+2`+� #BM�`B� ĕ �bBMiQiB+�K2Mi2 QiiBKQX



aQHmxBQM2 /2HH2 `2H�xBQMB /B `B+Q``2Mx�

*QMbB/2`B�KQ H� b2;m2Mi2 `2H�xBQM2 /B `B+Q``2Mx�,

h(M) ≤
{

+y b2 M ≤ +
αh(M/β) + 7(M) �Hi`BK2MiB

L2H +�bQ BM +mB h(M) bB� H� 7mMxBQM2 +?2 b+�im`Bb+2 /�HHǶ�M�HBbB /B mM
�H;Q`BiKQ #�b�iQ bmH T�`�/B;K� /2H .BpB/2 2i AKT2`�- 7(M) ĕ BH i2KTQ T2` BH
H�pQ`Q /B bm//BpBbBQM2 2 /B `B+QK#BM�xBQM2X AM �Hi`2 T�`QH2-
7(M) = /(M) + `(M)XS2` biBK�`2 h(M)- �bbmKB�KQ T2` b2KTHB+Bi¨ +?2 M bB�
mM� TQi2Mx� /B βX



aQHmxBQM2 /2HH2 `2H�xBQMB /B `B+Q``2Mx�
f(n)T(n)

T(n/β) T(n/β)
αf(n/β)

Sia h l’altezza dell’albero (h+1 livelli). Per i<h, Il tempo di esecuzione 
per tutte le chiamate ricorsive a livello i e` al piu` αi f(n/βi) .

T(n/β)

1 2 α

1 2 α

T(n/β2) T(n/β2) T(n/β2)

1 2 α

T(n/β2) Tn/β2) T(n/β2) α2 f(n/β2)



aQHmxBQM2 /2HH2 `2H�xBQMB /B `B+Q``2Mx�

AH MmK2`Q /B HBp2HHB /2HHǶ�H#2`Q ĕ ⌈logβ M/+⌉+ R 2 +B�b+mM MQ/Q bmH HBp2HHQ
⌈logβ M/+⌉ +Q``BbTQM/2 �H i2KTQ h(M/β⌈logβ M/+⌉)) ≤ h(+) ≤ +yX AH i2KTQ
iQi�H2 T2` 2b2;mB`2 H2 α⌈logβ M/+⌉ +?B�K�i2 `B+Q`bBp2 BM [m2biǶmHiBKQ HBp2HHQ ĕ
[mBM/B ≤ α⌈logβ M/+⌉+yX

�##B�KQ pBbiQ +?2 T2` B < ⌈logβ M/+⌉- BH i2KTQ T2` 2b2;mB`2 imii2 H2
+?B�K�i2 bmH HBp2HHQ B ĕ αB7(Mβ B)X

aQKK�M/Q bm imiiB B HBp2HHB bB ?�

h(M) ≤ α⌈logβ M/+⌉+y +

⌈logβ M/+⌉−R∑

B=y
αB7(M/β B).



aQHmxBQM2 /2HH2 `2H�xBQMB /B `B+Q``2Mx�

oQ;HB�KQ biBK�`2 H� 7mMxBQM2

h(M) ≤
{

+y b2 M ≤ +
αh(M/β) + 7(M) �Hi`BK2MiB

[m�M/Q H� 7mMxBQM2 7(M) ĕ HBKBi�i� /� +′MF- /Qp2 +′ 2 F bQMQ /m2 +Qbi�MiB
i�HB +?2 F ≥ y- +′ > y U7(M) TQHBMQKB�H2VX
.� [m�MiQ Qii2MmiQ M2HH� bHB/2 T`2+2/2Mi2 bB ?� +?2

h(M) ≤ α⌈logβ M/+⌉+y +

⌈logβ M/+⌉−R∑

B=y
αB7(M/β B)

≤ α⌈logβ M/+⌉+y +

⌈logβ M/+⌉−R∑

B=y
αB+(M/β B)F



aQHmxBQM2 /2HH2 `2H�xBQMB /B `B+Q``2Mx�

�##B�KQ pBbiQ +?2 b2 7(M) ≤ +′MF- /Qp2 +′ 2 F bQMQ /m2 +Qbi�MiB i�HB +?2
F ≥ y- +′ > y- �HHQ`�

h(M) ≤ α⌈logβ M/+⌉+y + +′MF
⌈logβ M/+⌉−R∑

B=y
(α/βF)B.

+QMbB/2`B�KQ B k b2;m2MiB +�bB,
α = βF, AM [m2biQ +�bQ bB ?�

α⌈logβ M/+⌉+y = (βF)⌈logβ M/+⌉+y < (βF)logβ (M/+)+R+y = βF(M/+)F+y = P(MF)

2

+′MF
⌈logβ M/+⌉−R∑

B=y
(α/βF)B = +′MF

⌈logβ M/+⌉−R∑

B=y
R = +′MF⌈logβ M/+⌉ = P(MF logβ M).

ZmBM/B h(M) = P(MF) + P(MF logβ M) = P(MF logβ M) = P(MF log M)X



aQHmxBQM2 /2HH2 `2H�xBQMB /B `B+Q``2Mx�

α ̸= βF, AM [m2biQ +�bQ bB ?�

α⌈logβ M/+⌉+y < +yα
logβ M/++R = +yα · αlogβ M/+ = +yα · αlogα(M/+) logβ α

= +yα(M/+)logβ α = P(Mlogβ α), URV

2

+′MF
⌈logβ M/+⌉−R∑

B=y
(α/βF)B = +′MF · (α/β

F)⌈logβ M/+⌉ − R
(α/βF)− R . UkV



aQHmxBQM2 /2HH2 `2H�xBQMB /B `B+Q``2Mx�
*QMbB/2`B�KQ B /m2 bQiiQ+�bB,

*�bQ α < βF,
(α/βF)⌈logβ M/+⌉ − R

(α/βF)− R <
R

R − (α/βF)
=

βF

βF − α
< βF = P(R).

aB ?� [mBM/B +?2 H� bm//2ii� `2H�xBQM2 BMbB2K2 �HH� URV 2 �HH� UkV /2HH� bHB/2
T`2+2/2Mi2 BKTHB+�MQ,

h(M) ≤ P(Mlogβ α) + MFP(R) = P(MF + Mlogβ α).

aB MQiB +?2 α < βF BKTHB+� logβ α < F 2 /B +QMb2;m2Mx� bB ?�

h(M) = P(MF + Mlogβ α) = P(MF).

*�bQ α > βF,

(α/βF)⌈logβ (M/+)⌉ − R
(α/βF)− R <

(α/βF)logβ (M/+)+R − R
(α/βF)− R =

(α/βF)(α/βF)logβ (M/+) − R
(α/βF)− R

= P((α/βF)logβ (M/+)) = P((α/βF)
log

α/βF (M/+) logβ (α/βF)
)

= P((M/+)logβ (α/βF)) = P(Mlogβ (α)−F)

aB ?� [mBM/B +?2 H� bm//2ii� `2H�xBQM2 BMbB2K2 �HH� URV 2 �HH� UkV /2HH� bHB/2
T`2+2/2Mi2 BKTHB+�MQ,

h(M) ≤ P(Mlogβ α)++′MFP(Mlogβ (α)−F) = P(Mlogβ α+MFMlogβ (α)−F) = P(Mlogβ α).



aQHmxBQM2 /2HH2 `2H�xBQMB /B `B+Q``2Mx�

�##B�KQ biBK�iQ H� 7mMxBQM2

h(M) ≤
{

+y b2 M ≤ +
αh(M/β) + +′MF �Hi`BK2MiB,

/Qp2 +′ 2 F bQMQ /m2 +Qbi�MiB i�HB +?2 F ≥ y- +′ > y X
�##B�KQ T`Qp�iQ

h(M) =

⎧
⎨

⎩

P(MF) b2 α < βF

P(MF log M) b2 α = βF

P(Mlogβ α) b2 α > βF

1b2KTB, L2H +�bQ /B J2`;2aQ`i α = k- β = k 2 F = RX aB ?� α = βF 2
[mBM/B h(M) = P(MF log M) = P(M log M)X
L2H +�bQ /2HHǶ�H;Q`BiKQ T2` H� `B+2`+� #BM�`B� α = R- β = k 2 F = yX aB
α = βF 2 [mBM/B h(M) = P(MF log M) = P(log M).



P`/BM�K2MiQ T2` /Bbi`B#mxBQM2

GǶ�H;Q`BiKQ /B Q`/BM�K2MiQ T2` /Bbi`B#mxBQM2 U[mB+FbQ`iV QT2`� M2H KQ/Q
b2;m2Mi2X
.2+QKTQbBxBQM2, b2 H� b2[m2Mx� ?� �HK2MQ /m2 2H2K2MiB- b+2;HB mM 2H2K2MiQ

TBpQi 2 /BpB/B H� b2[m2Mx� BM /m2 bQiiQ@b2[m2Mx2 BM KQ/Q i�H2
+?2 H� T`BK� +QMi2M;� 2H2K2MiB KBMQ`B Q m;m�HB �H TBpQi 2 H�
b2+QM/� ;HB 2H2K2MiB K�;;BQ`B Q m;m�HB /2H TBpQiX

_B+Q`bBQM2, Q`/BM� `B+Q`bBp�K2Mi2 H2 /m2 bQiiQ@b2[m2Mx2X
_B+QK#BM�xBQM2, MQM Q++Q``2 7�`2 �H+mM H�pQ`QX

R ZmB+FaQ`iU �- bBMBbi`�- /2bi`� V,
k
j B7 UbBMBbi`� I /2bi`�V &
9 b+2;HB TBpQi M2HH^BMi2`p�HHQ (bBMBbi`�ē/2bi`�)c
8 BM/B+26BM�H2SBpQi 4 .Bbi`B#mxBQM2U�- bBMBbi`�- TBpQi- /2bi`�Vc
e ZmB+FaQ`iU �- bBMBbi`�- BM/B+26BM�H2SBpQi@R Vc
d ZmB+FaQ`iU �- BM/B+26BM�H2SBpQiYR- /2bi`� Vc
3 '



.Bbi`B#mxBQM2

.�i� H� TQbBxBQM2 Tt /2H TBpQi BM mM b2;K2MiQ �[bt, /t],
b+�K#B� ;HB 2H2K2MiB �[Tt] 2 �[/t]- b2 Tt ̸= /t
mb� /m2 BM/B+B B 2 D T2` b+�M/B`2 BH b2;K2MiQ, B T�`i2 /� bt 2 p� p2`bQ
/2bi`� 2 D T�`i2 /� /t − R 2 p� p2`bQ bBMBbi`� }MQ � [m�M/Q B ≤ D
Q;MB pQHi� +?2 bB ?� �[B] > TBpQi 2 �[D] < TBpQi- b+�K#B� �[B] +QM �[D] 2
TQB `BT`2M/2 H� b+�MbBQM2
�HH� }M2 /2HH� b+�MbBQM2 TQbBxBQM� BH TBpQi M2HH� bm� TQbBxBQM2 +Q``2ii�



P`/BM�K2MiQ T2` /Bbi`B#mxBQM2

R .Bbi`B#mxBQM2U �- bt- Tt- /t V,
k B7 UTt 54 /tV a+�K#B�U Tt- /t Vc
j B 4 btc
9 D 4 /t@Rc
8 r?BH2 UB I4 DV &
e r?BH2 UUB I4 DV �� U�(B) I4 �(/t)VV
d B 4 BYRc
3 r?BH2 UUB I4 DV �� U�(D) 4= �(/t)VV
N D 4 D@Rc

Ry B7 UB I DV a+�K#B�U B- D Vc B4BYR-D4D@Rc
RR '
Rk B7 UB 54 /tV a+�K#B�U B- /t Vc
Rj `2im`M Bc

R a+�K#B�U B- D V, ⟨T`2, bt ≤ B, D ≤ /t⟩
k i2KT 4 �(D)c �(D) 4 �(B)c �(B) 4 i2KTc



�M�HBbB /B .Bbi`B#mxBQM2

T2` biBK�`2 BH i2KTQ `B+?B2biQ /�H r?BH2 2bi2`MQ /Q##B�KQ biBK�`2 BH
MmK2`Q /B Bi2`�xBQMB 2b2;mBi2 +QKTH2bbBp�K2Mi2 /2B /m2 r?BH2 BMi2`MBX
UMmK2`Q /B pQHi2 +?2 BM+`2K2MiB�KQ BVY UMmK2`Q /B pQHi2 +?2
/2+`2K2MiB�KQ DV4M − R
MmK2`Q iQi�H2 /B Bi2`�xBQMB /2H T`BKQ r?BH2 BMi2`MQ 4 MmK2`Q +QM7`QMiB i`�
mM 2H2K2MiQ �[B] +QM BH TBpQi
MmK2`Q iQi�H2 /B Bi2`�xBQMB /2H b2+QM/Q r?BH2 BMi2`MQ 4 MmK2`Q +QM7`QMiB
i`� mM 2H2K2MiQ �[D] +QM BH TBpQi
/QTQ Q;MB +QM7`QMiQ /B �[B] +QM BH TBpQi Q pB2M2 BM+`2K2Mi�iQ B UM2H r?BH2
bi2bbQ Q M2HHǶB7V Q bB 2b+2 /�H r?BH2 2bi2`MQ
/QTQ Q;MB +QM7`QMiQ /B �[D] +QM BH TBpQi Q pB2M2 /2+`2K2Mi�iQ D UM2H r?BH2
bi2bbQ Q M2HHǶB7V Q bB 2b+2 /�H r?BH2 2bi2`MQ
MmK2`Q iQi�H2 /B +QM7`QMiB +QM BH TBpQi ĕ [mBM/B �H TBɍ M − R UBM `2�Hi¨ bB
Tmǁ p2/2`2 +?2 ĕ T`QT`BQ M − RV
H� bQKK� /2H MmK2`Q /B Bi2`�xBQMB /2H T`BKQ r?BH2 BMi2`MQ 2 /2H MmK2`Q /B
Bi2`�xBQMB /2H b2+QM/Q r?BH2 BMi2`MQ ǵ [mBM/B �H TBɍ M − RX
i2KTQ P(M)



�M�HBbB /B ZmB+FaQ`i K2/B�Mi2 `2H�xBQM2 /B `B+Q``2Mx�

_2H�xBQM2 /B `B+Q``2Mx� T2` BH i2KTQ h(M) /B 2b2+mxBQM2 /2HHǶ�H;Q`BiKQX
*�bQ #�b2, h(M) ≤ +y T2` M ≤ RX
S�bbQ `B+Q`bBpQ, bB� ` BH `�M;Q /2HHǶ2H2K2MiQ TBpQiX *B bQMQ ` − R 2H2K2MiB �
bBMBbi`� /2H TBpQi 2 M − ` 2H2K2MiB � /2bi`�- T2` +mB
h(M) ≤ h(` − R) + h(M − `) + +MX



�M�HBbB /B ZmB+FaQ`i K2/B�Mi2 `2H�xBQM2 /B `B+Q``2Mx�

+�bQ T2bbBKQ

AH TBpQi ĕ imiiQ � bBMBbi`� U` = RV QTTm`2 imiiQ � /2bi`� U` = MVX AM 2Mi`�K#B
B +�bB- H� `2H�xBQM2 /Bp2Mi� h(M) ≤ h(M − R) + h(y) + +M ≤ h(M − R) + +′M
T2` mMǶQTTQ`imM� +Qbi�Mi2 +′

�TTHB+?B�KQ Bi2`�iBp�K2Mi2 H� `2H�xBQM2 /B `B+Q``2Mx�,

h(M) ≤ h(M−R)++′M ≤ h(M−k)++′(M−R)++′M ≤ . . . ≤ h(M−B)+
B−R∑

D=y
+′(M−D).

aQbiBimi2M/Q B = M − R M2HHǶ2bT`2bbBQM2 TBɍ � /2bi`�- Qii2MB�KQ

h(M) ≤ h(R)+
M−k∑

D=y
+′(M− D) = +y +

M∑

D=k
+′D ≤ +y + +′(M+R)M/k− +′ = P(Mk),



�M�HBbB /B ZmB+FaQ`i K2/B�Mi2 `2H�xBQM2 /B `B+Q``2Mx�

+�bQ QiiBKQ

G� /Bbi`B#mxBQM2 ĕ #BH�M+B�i� U` = M/k)V- H� `B+Q`bBQM2 �ppB2M2 bm +B�b+mM�
K2i¨
AM [m2bi� bBim�xBQM2- BH +QbiQ ĕ bBKBH2 � [m2HH� /2HHǶQ`/BM�K2MiQ T2` 7mbBQM2X
SQbbB�KQ /BKQbi`�`2 +?2 BH +QbiQ ĕ /B P(M log M) i2KTQ



177B+B2Mx� /2H ZmB+FaQ`i `�M/QKBxx�iQ, BMimBxBQM2

�{M+?û ZmB+FaQ`i �##B� i2KTQ /B 2b2+mxBQM2 P(M log M) MQM ĕ M2+2bb�`BQ
+?2 Q;MB pQHi� BH TBpQi bB� HǶ2H2K2MiQ +2Mi`�H2 K� ĕ bm{+B2Mi2 +?2 mM�
7`�xBQM2 +Qbi�Mi2 /2;HB 2H2K2MiB `BbmHiB KBMQ`2 Q m;m�H2 /2H TBpQiX
aB� K H� /BK2MbBQM2 /2H b2;K2MiQ /B �``�v /� Q`/BM�`2 BM mM� +2`i�
+?B�K�i� `B+Q`bBp�X amTTQMB�KQ +?2 BH b2;K2MiQ p2M;� bm//BpBbQ BM /m2
b2;K2MiB UBM+HmbQ BH TBpQiV /B /BK2MbBQM2 K( R

/ ) 2 K(R − R
/ )- +QM / > R

+Qbi�Mi2X
PppB�K2Mi2 [m�MiQ TBɍ bQMQ /Bp2`b2 H2 HmM;?2xx2 /2B /m2 b2;K2MiB U/
KQHiQ TB++QHQ Q KQHiQ ;`�M/2V i�MiQ T2;;BQ`2 ĕ BH +QKTQ`i�K2MiQ
/2HHǶ�H;Q`BiKQX
amTTQMB�KQ +?2 H� +?B�K�i� `B+Q`bBp� BM +mB H� bm//BpBbBQM2 `BbmHi� TBɍ
b#BH�M+B�i�- bm//BpB/� BH b2;K2MiQ /� Q`/BM�`2 BM /m2 T�`iB /B /BK2MbBQM2
T�`B `BbT2iiBp�K2Mi2 � R

β 2 R − R
β - +QM β > R +Qbi�Mi2- /2HH� /BK2MbBQM2 /2H

b2;K2MiQ /B T�`i2Mx�X
AH i2KTQ `B+?B2biQ ĕ bB+m`�K2Mi2 MQM TBɍ ;`�M/2 /B [m2HHQ +?2 b�`2##2
`B+?B2biQ b2 mM� i�H2 bm//BpBbBQM2 bB p2`B}+�bb2 �/ Q;MB +?B�K�i� `B+Q`bBp�X
o�H2 [mBM/B H� `2H�xBQM2 /B `B+Q``2Mx� h(M) ≤ h(M/β) + h(M(R − R/β)) + +M
T2` M > R 2 h(M) ≤ +y T2` M ≤ RX
Zm2bi� `2H�xBQM2 ?� bQHmxBQM2 P(M log M) T2` [m�HbB�bB +Qbi�Mi2 β > RX



177B+B2Mx� /2H ZmB+FaQ`i `�M/QKBxx�iQ, BMimBxBQM2

.BKQbi`B�KQ +QM BH K2iQ/Q /B bQbiBimxBQM2 +?2 H� `2H�xBQM2 /B `B+Q``2Mx�

h(M) ≤
{

h(M/β) + h(M(R − R/β)) + +M b2 M > R
+y T2` M ≤ R

?� bQHmxBQM2 P(M log M) T2` [m�HbB�bB +Qbi�Mi2 β > RX
.BKQbi`B�KQ T2` BM/mxBQM2 +?2 2bBbi2 mM� +Qbi�Mi2 +′ T2` +mB h(M) ≤ +′M
T2` Q;MB M ≥ k

"�b2 BM/mxBQM2, T2` M4k- hUMV≤ k+y + +R UH� +Qbi�Mi2 +R HBKBi� BH i2KTQ /B
2b2+mxBQM2 /2H +Q/B+2 +?2 T`2+2/2 H2 /m2 +?B�K�i2 `B+Q`bBp2 2 +?2
+QKT`2M/2 BH i2KTQ +Qbi�Mi2 T2` 2b2;mB`2 .Bbi`B#mxBQM2 bm mM b2;K2MiQ /B
HmM;?2xx� k 2 H2 �Hi`2 Bbi`mxBQMB +?2 T`2+2/QMQ H2 /m2 +?B�K�i2 `B+Q`bBp2 VX
S2`+?û bB� h(k) ≤ +′k log k = k+′ #�bi� [mBM/B b+2;HB2`2 +′ i�H2 +?2
k+′ ≥ k+y + +R- +BQĕ +′ ≥ +y + +R/kX



177B+B2Mx� /2H ZmB+FaQ`i `�M/QKBxx�iQ, BMimBxBQM2

S�bbQ BM/miiBpQX amTTQMB�KQ p2`� H� /Bbm;m�;HB�Mx� T2` k, . . . , M− RX aB ?�

h(M) ≤ h(M/β) + h(M(R − R/β)) + +M

≤ +′(M/β) log(M/β) + +′(M(R − R/β) log(M(R − R/β)) + +M

= +′(M/β)(log(M/β)− log(M(R − R/β))) + +′M log(M(R − R/β)) + +M

= −+′(M/β) log(β − R) + +′M log(M(R − R/β)) + +M

≤ −+′(M/β) log(β − R) + +′M log M + +M

S2`+?û bB� h(M) ≤ +′M log M #�bi� BKTQ``2 −(+′/β) log(β − R) + + ≤ y +?2
ĕ bQ//Bb7�ii� T2` +′ ≥ +β/(log(β − R))
ZmBM/B /Q##B�KQ b+2;HB2`2 +′ = max{+y + +R/k, +β/(log(β − R))}X



177B+B2Mx� /2H ZmB+FaQ`i `�M/QKBxx�iQ, BMimBxBQM2

*B bQMQ [mBM/B KQHi2 TQbbB#BHB b+2Hi2 /2H TBpQi +?2 7�MMQ BM KQ/Q +?2
HǶ�H;Q`BiKQ bB +QKTQ`iB #2M2X
Zm2biQ +B bm;;2`Bb+2 +?2 b+2;HB2`2 BH TBpQi BM KQ/Q `�M/QK U+QM
/Bbi`B#mxBQM2 /B T`Q#�#BHBi¨ mMB7Q`K2V TQ`i� +QM #mQM� T`Q#�#BHBi¨ �
b+2;HB2`2 mM TBpQi ǳ#2M TQbBxBQM�iQǴ 2 +BQĕ mM TBpQi +?2 bm//BpB/2 BH
b2;K2MiQ /� Q`/BM�`2 M2H KQ/Q /2b+`BiiQ BM T`2+2/2Mx� 2 �/ �p2`2 mM
i2KTQ /B 2b2+mxBQM2 P(M log M)X
aB Tmǁ /BKQbi`�`2 7Q`K�HK2Mi2 +?2 BH ZmB+FaQ`i `�M/QKBxx�iQ ?� i2KTQ /B
2b2+mxBQM2 K2/BQ P(M log M)X



a2H2xBQM2 T2` /Bbi`B#mxBQM2

S`Q#H2K�, b2H2xBQM2 /2HHǶ2H2K2MiQ +QM `�M;Q ` BM mM �``�v � /B M 2H2K2MiB
/BbiBMiBX

aB pmQH2 2pBi�`2 /B Q`/BM�`2 �
L", AH T`Q#H2K� /Bp2Mi� [m2HHQ /B i`Qp�`2 BH KBMBKQ [m�M/Q ` = R 2 BH
K�bbBKQ [m�M/Q ` = MX

Pbb2`p�xBQM2, H� 7mMxBQM2 .Bbi`B#mxBQM2 T2`K2ii2 /B i`Qp�`2 BH `�M;Q /2H
TBpQi- TQbBxBQM�M/Q imiiB ;HB 2H2K2MiB /B `�M;Q BM72`BQ`2 �HH� bm� bBMBbi`� 2 imiiB
[m2HHB /B `�M;Q bmT2`BQ`2 �HH� bm� /2bi`�X
SQbbB�KQ KQ/B}+�`2 BH +Q/B+2 /2H [mB+FbQ`i T`Q+2/2M/Q `B+Q`bBp�K2Mi2 M2H bQHQ
b2;K2MiQ /2HHǶ�``�v +QMi2M2Mi2 HǶ2H2K2MiQ /� b2H2xBQM�`2X
G� `B+Q`bBQM2 ?� i2`KBM2 [m�M/Q BH b2;K2MiQ ĕ +QKTQbiQ /� mM bQHQ 2H2K2MiQX



a2H2xBQM2 T2` /Bbi`B#mxBQM2

R ZmB+Fa2H2+iU �- bBMBbi`�- `- /2bi`� V,
k B7 UbBMBbi`� 44 /2bi`�V &
j `2im`M �(bBMBbi`�)c
9 ' 2Hb2 &
8 b+2;HB TBpQi M2HH^BMi2`p�HHQ (bBMBbi`�ē/2bi`�)c
e BM/B+26BM�H2SBpQi 4 .Bbi`B#mxBQM2U�- bBMBbi`�- TBpQi- /2bi`�Vc
d B7 U`@R 44 BM/B+26BM�H2SBpQiV &
3 `2im`M �(BM/B+26BM�H2SBpQi)c
N ' 2Hb2 B7 U`@R I BM/B+26BM�H2SBpQiV &

Ry `2im`M ZmB+Fa2H2+iU �- bBMBbi`�- `- BM/B+26BM�H2SBpQi@R Vc
RR ' 2Hb2 &
Rk `2im`M ZmB+Fa2H2+iU �- BM/B+26BM�H2SBpQiYR- `- /2bi`� Vc
Rj '
R9 '



�M�HBbB /B ZmB+Fa2H2+i K2/B�Mi2 `2H�xBQM2 /B `B+Q``2Mx�

*�bQ #�b2,
a2 BH b2;K2MiQ bmH [m�H2 QT2`� HǶ�H;Q`BiKQ +QMiB2M2 mM bQHQ 2H2K2MiQ �HHQ`�
HǶ�H;Q`BiKQ 2b2;m2 mM MmK2`Q +Qbi�Mi2 /B QT2`�xBQMB ≤ +y c
a2 HǶBM/B+2 `2biBimBiQ /� .Bbi`B#mxBQM2(�, bBMBbi`�, TBpQi, /2bi`�) ĕ m;m�H2 �
` − R UBM �Hi`2 T�`QH2 b2 BH TBpQi ?� `�M;Q `V- HǶ�H;Q`BiKQ i2`KBM� 2 BH bmQ
+QbiQ ĕ /QKBM�iQ /�H +QbiQ /B .Bbi`B#mxBQM2 +?2 2b2;m2 ≤ +RM QT2`�xBQMB-
/Qp2 +R ĕ mM� +2`i� +Qbi�Mi2X
S�bbQ `B+Q`bBpQ, BH MmK2`Q /B QT2`�xBQMB 2b2;mBi2 ĕ �H TBɍ T�`B � +M U+
+Qbi�Mi2V TBɍ BH MmK2`Q /B QT2`�xBQMB `B+?B2bi2 T2` 2z2iim�`2 H� b2H2xBQM2
M2H b2;K2MiQ /2;HB 2H2K2MiB KBMQ`B Q m;m�HB /2H TBpQi QTTm`2 BM [m2HHQ
/2;HB 2H2K2MiB K�;;BQ`B Q m;m�HB /2H TBpQiX



�M�HBbB /B ZmB+Fa2H2+i K2/B�Mi2 `2H�xBQM2 /B `B+Q``2Mx�

_2H�xBQM2 /B `B+Q``2Mx� T2` BH i2KTQ h(M) /B 2b2+mxBQM2 /2HHǶ�H;Q`BiKQX
AM/B+?B�KQ +QM `T BH `�M;Q /2H TBpQi

*�bQ #�b2,
h(M) ≤ +y T2` M ≤ R 2
h(M) ≤ +RM b2 `T = `X
AM 2Mi`�K#B B +�bB h(M) ≤ +RMX
S�bbQ `B+Q`bBpQ, *B bQMQ `T − R 2H2K2MiB � bBMBbi`� /2H TBpQi 2 M − `T
2H2K2MiB � /2bi`�- T2` +mB h(M) ≤ max{h(`T − R),h(M − `T)}+ +MX

h(M) ≤
{

+RM b2 M ≤ R Q `T = ` − R
max{h(`T − R),h(M − `T)}+ +M �Hi`BK2MiB



�M�HBbB /B ZmB+Fa2H2+i K2/B�Mi2 `2H�xBQM2 /B `B+Q``2Mx�

+�bQ T2bbBKQ

AH TBpQi ĕ imiiQ � bBMBbi`� U`T = RV 2 ` > `T QTTm`2 imiiQ � /2bi`� U`T = MV 2
` < `TX AM 2Mi`�K#B B +�bB- H� `2H�xBQM2 /Bp2Mi� h(M) ≤ h(M − R) + +MX
�TTHB+?B�KQ Bi2`�iBp�K2Mi2 H� `2H�xBQM2 /B `B+Q``2Mx�,

h(M) ≤ h(M−R)++M ≤ h(M−k)++(M−R)++M ≤ . . . ≤ h(M− B)+
M∑

D=M−B+R
+ D.

aQbiBimi2M/Q B = M − R M2HHǶmHiBK� /Bb2[m�xBQM2- Qii2MB�KQ

h(M) ≤ h(R) +
M∑

D=k
+ D ≤ +y +

M∑

D=k
+ D = +y + + M(M + R)/k − + = P(Mk).



�M�HBbB /B ZmB+Fa2H2+i K2/B�Mi2 `2H�xBQM2 /B `B+Q``2Mx�

+�bQ QiiBKQ

GǶ2H2K2MiQ /B `�M;Q ` ĕ T`QT`BQ BH TBpQi U`T = `V- T2` +mB bB 2b+2 /�HH�
T`Q+2/m`� b2Mx� 2z2iim�`2 H� `B+Q`bBQM2 2 bB ?� +?2 h(M) = P(M)X
AH +�bQ QiiBKQ bB p2`B}+� �M+?2 [m�M/Q �/ Q;MB +?B�K�i� `B+Q`bBp� pB2M2
/BK2xx�i� H� HmM;?2xx� /2H b2;K2MiQ BM +mB 2z2iim�`2 H� b2H2xBQM2X

h(M) ≤ h(M/k) + +M ≤ h(M/9) + +(M/k) + +M ≤ . . . ≤ h(
M
kB ) +

B−R∑

D=y
+ M

kD .

.QTQ log M �TTHB+�xBQMB /2HH� `2H�xBQM2 /B `B+Q``2Mx� Qii2MB�KQ

h(M) ≤ h
( M

klog M

)
+

log M−R∑

D=y
+ M

kD = h(R) + +M
log M−R∑

D=y

R
kD

≤ +y + +M
(R − R/klog M

R/k

)
= +y + k+M(R − R/M) = P(M)



177B+B2Mx� /2H ZmB+Fa2H2+i `�M/QKBxx�iQ, BMimBxBQM2

S2` BH ZmB+Fa2H2+i- p�H2 mM /Bb+Q`bQ �M�HQ;Q � [m2HHQ 7�iiQ T2` BH ZmB+FaQ`i
*B bQMQ KQHi2 TQbbB#BHB b+2Hi2 /2H TBpQi +?2 7�MMQ BM KQ/Q +?2 HǶ�H;Q`BiKQ
bB +QKTQ`iB #2M2X
a+2;HB2M/Q BH TBpQi BM KQ/Q `�M/QK U+QM /Bbi`B#mxBQM2 /B T`Q#�#BHBi¨
mMB7Q`K2V ĕ T`Q#�#BH2 +?2 bB b+2H;� mM TBpQi ǳ#2M TQbBxBQM�iQǴ 2 +BQĕ mM
TBpQi i�H2 +?2 2bBbi2 mM� +Qbi�Mi2 � > R T2` +mB mM� 7`�xBQM2 R/� /2;HB
2H2K2MiB bQMQ KBMQ`B Q m;m�HB /2H TBpQi 2 mM� 7`�xBQM2 R − R/� /2;HB
2H2K2MiB bQMQ K�;;BQ`B Q m;m�HB /2H TBpQiX
aB Tmǁ /BKQbi`�`2 7Q`K�HK2Mi2 +?2 BH ZmB+Fa2H2+i `�M/QKBxx�iQ ?� i2KTQ
/B 2b2+mxBQM2 K2/BQ P(M)X


